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Abstract
Almost all diseases aﬀect blood vessel attributes (vessel number, radius, tortuosity, and branching pattern). Quantitative measurement of vessel attributes over relevant vessel populations could thus provide an important means of diagnosing and staging disease. Unfortunately, little is known about the statistical properties of vessel attributes. In particular, it is unclear whether vessel
attributes ﬁt a Gaussian distribution, how dependent these values are upon anatomical location, and how best to represent the attribute values of the multiple vessels comprising a population of interest in a single patient.
The purpose of this report is to explore the distributions of several vessel attributes over vessel populations located in diﬀerent
parts of the head. In 13 healthy subjects, we extract vessels from MRA data, deﬁne vessel trees comprising the anterior cerebral,
right and left middle cerebral, and posterior cerebral circulations, and, for each of these four populations, analyze the vessel number,
average radius, branching frequency, and tortuosity. For the parameters analyzed, we conclude that statistical methods employing
summary measures for each attribute within each region of interest for each patient are preferable to methods that deal with individual vessels, that the distributions of the summary measures are indeed Gaussian, and that attribute values may diﬀer by anatomical location. These results should be useful in designing studies that compare patients with suspected disease to a database of
healthy subjects and are relevant to groups interested in atlas formation and in the statistics of tubular objects.
 2004 Elsevier B.V. All rights reserved.
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1. Introduction
Blood vessels surround and permeate the organs of
the human body. Almost every disease from cancer to
the common cold aﬀects vessel attributes (vessel number, radius, branching frequency, and tortuosity). Cancer, for example, induces ingrowth of abnormal
clusters of abnormally tortuous vessels (Folkman,
2000; Baish and Jain, 2000), and successful treatment
normalizes vessel shape (Jain, 2001). Hypertension, diabetes, and many auto-immune diseases produce narrow*
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ing of major arteries and an increase in vascular
tortuosity (Hiroki et al., 2002; Spangler et al., 1994).
Chronic
inﬂammation
induces
neoangeogenesis
(McDonald, 2001). Even the common cold aﬀects vessel
morphology by inducing vasodilation (Ferguson and
Eccles, 1997)! An automated, quantitative measurement
of three-dimensional (3D) vessel attributes as deﬁned
from high resolution, magnetic resonance (MR) images
could thus provide a new method of diagnosing and
staging disease. A requirement of this type of analysis
is the statistical evaluation of populations of vessels in
both diseased and healthy subjects.
Our group has begun to investigate changes in vessel
morphology induced by various disease states using
methods that compare vessel attributes of patients with
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known disease to the vessel attributes of a healthy patient database. Preliminary results suggest the ability
to detect the abnormal vessel tortuosity associated with
hypertension (Bullitt et al., 2003a), the abnormal vessel
density and tortuosity associated with arteriovenous
malformations (Bullitt et al., 2003a), and vessel morphological changes associated with malignancy (Bullitt
et al., 2003a,b, 2004). However, to date, our analyses
have operated under the assumptions that the variables
of interest have a Gaussian distribution, that vessel morphology is likely to change from location to location
within the head, and that it is desirable to employ summary measures for each relevant cluster of vessels in
each patient. In fact, almost nothing is known about
the attribute distribution of 3D intracranial vessel populations. The assumptions made during our initial analyses thus might or might not be correct.
The purpose of this paper is to explore some of the
statistical properties of blood vessel populations within
the healthy intracerebral circulation. For 13 healthy
subjects, we examine vessel attributes of the anterior cerebral, the left and right middle cerebral, and the posterior cerebral circulations. Attributes analyzed for each
vessel group include the number of segmented vessels,
tortuosity as calculated by four metrics, average radius,
and branching frequency. Questions asked are whether
these variables ﬁt a Gaussian distribution, whether analysis by individual vessel or by averaging results over
multiple vessels for each person is more eﬀective, and
whether vessel attributes vary by anatomical location.
We conclude that, for the parameters analyzed, (1) the
use of summary measures within each region of interest
for each patient is preferable to a vessel-by-vessel analysis, (2) that the summary parameters analyzed do indeed
ﬁt a Gaussian distribution, and (3) that the values of
parameters of interest may vary from location to location within the head. These results both validate the
assumptions made during our earlier analyses and
should be helpful to any group interested in exploring
the morphological properties of vessel populations in
health and disease.

2. Background
2.1. Measurement of vessel attributes
The concept of using vascular morphology to diagnose or quantitate disease is not new. Frangi et al.
(1999a,b), for example, are attempting to quantitate carotid stenosis, and De Bruijne et al. (2002) aim to characterize aortic aneurysms.
One of the most interesting vessel attributes is ‘‘tortuosity’’, or the extent to which a vessel twists and turns.
We are particularly interested in tortuosity because the
vessels associated with malignant tumors exhibit ‘‘. . . a

profound sort of tortuosity, with many smaller bends
upon each larger bend’’ (Baish and Jain, 2000). This
abnormality may be related to increases in nitrous oxide
induced by VegF (Folkman, 2000), and is present in
malignant tumors of the lung (Helmlinger et al., 2002),
colon (Siemann, 2002), breast (Lau et al., 1999), and
brain (Burger et al., 1991).
The majority of literature on determining vessel tortuosity within medical images has focused upon 2D retinal images and the diagnosis and staging of retinopathy
of prematurity. The most common measure is the ‘‘distance metric’’ (DM), or the total path length of a vessel
divided by the linear distance between its endpoints
(Smedby et al., 1993; Bracher, 1982; Zhou et al., 1994;
Goldbaum et al., 1994; Hart et al., 1999). Brey et al.
(2002) extended this metric to 3D for analysis of vessels
in histological section. A problem with the DM when
analyzing the usually tortuous intracerebral circulation,
however, is that the DM often assigns a higher tortuosity value to a healthy, long, ‘‘S’’ or ‘‘U’’ shaped vessel
than to a shorter, abnormal vessel possessing tight coils
or high frequency oscillations. Baish and Jain (2000) and
Sabo et al. (2001) are each attempting to characterize tumor malignancy on the basis of vessel tortuosity by
using microvessel fractal dimensions as seen within histological sections.
One diﬃculty in detecting and analyzing abnormal
vessel tortuosity on medical images is that what the clinician deﬁnes as an ‘‘abnormally tortuous’’ pattern
actually includes several diﬀerent shapes. We have previously classiﬁed abnormal tortuosity into three types
(Bullitt et al., 2003a). Type 1 occurs when a vessel
elongates and becomes sinuous, as may occur with
retinopathy of prematurity (Hart et al., 1999),
with hypertension and aging (Spangler et al., 1994),
and with a variety of other disease processes. Type 2 is
characterized by vessels that make frequent changes of
direction and may appear as a ‘‘bag of worms’’, as occurs within the nidus of arteriovenous malformations
(Burger et al., 1991) and in milder form within hypervascular tumors. Type 3 is characterized by high-frequency,
low-amplitude oscillations or coils, and is associated
with the neovascularity produced by malignant tumors
(Baish and Jain, 2000).
We have also reported two tortuosity metrics capable
of detecting abnormal tortuosity within the intracranial
vasculature (Bullitt et al., 2003a). The ‘‘inﬂection count
metric’’ (ICM) multiplies the number of inﬂections (plus
one) present in a 3D space curve by the DM. The ICM is
excellent in deﬁning tortuosity types 1 and 2, but fails
with type 3. The ‘‘sum of angles metric’’ (SOAM) sums
curvatures along a sampled space curve and normalizes
by path length. This metric can be implemented either to
provide in-plane curvature alone (SOAM1) or to also
incorporate torsion (SOAM2), with the latter providing
more information but also introducing noise. By either
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approach, the SOAM handles tortuosity type 3 well but
can fail with types 1 and 2. Additional detail is available
in (Bullitt et al., 2003a).
The current report includes analysis of regional,
healthy vessel tortuosity by the DM, by the ICM, and
by both variants of the SOAM. We also evaluate vessel
number, average radius, and branching frequency in
each anatomical location. Whether the distribution of
any or all of these parameters is Gaussian is unknown.
Whether it is preferable to examine each parameter
using a group summary value or to perform the analysis
on a vessel by vessel basis is also unknown. Whether
variables such as tortuosity vary by anatomical location
is also unknown. All three questions are examined under
the work described in this report.
2.2. Human intracerebral vascular anatomy
When possible, it is preferable to perform vessel attribute comparisons using single vessels that can be unequivocally mapped from patient to patient. However,
human intracerebral vascular anatomy is both plethoric
and variable, making it impossible to provide a oneto-one vessel mapping between patients for more than
a few, large, named vessels. The automated detection
of abnormal vessel attributes for vessel clusters therefore
must make one of two assumptions: (1) that a single definition of a ‘‘healthy vessel’’ can be deﬁned that applies
to ALL intracerebral vessels, or (2) that the standard
may vary from location to location, thus requiring evaluation of any test subject against the values obtained
from healthy vessels located in similar regions.
On anatomical grounds, it seems reasonable to assume that at least some vessel attributes may vary
according to location, and our earlier work has proceeded under this assumption. For attributes such as
vessel radius, for example, it is certain that anatomical
location will make a diﬀerence, since the region of the
skull base contains large arteries entering the brain
whereas peripheral cortical regions contain only small,
terminal arteries. Similarly, vessel density as seen by
MRA is very high in regions such as the Sylvian ﬁssure,
and low in regions such as the thalamus. It is less obvious, however, if and how other attributes, such as tortuosity, vary by anatomical location.
Under the current report, we analyze and compare
vessel attributes of the anterior cerebral circulation (a
connected set of vessels that supplies the front and top
of the head), the two middle cerebral circulations (each
comprising a connected set of vessels that supplies one
side of the head), and the posterior cerebral circulation
(a connected set of vessels that supplies the back of
the head). These four vessel clusters represent natural
subdivisions of the intracerebral circulation and consist
of vessel trees whose roots are large, named vessels readily recognized from patient to patient. Other methods of
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subdividing the intracranial circulation are obviously
possible, but this tree-based approach has the advantage
of mapping similar anatomical regions between patients
without requiring a deformable registration that might
itself aﬀect vessel attribute values. The goal in comparing these four vascular groups is to determine if vessel
attributes such as tortuosity are likely to vary by general
anatomical location.
2.3. Vessel segmentation and graph description
The methods described in this report require the
extraction of vessels from 3D image data, the recognition of anatomically meaningful branchpoints, and data
structures providing graph descriptions of connected
vasculature. Many groups have described methods of
segmenting vessels from MRA, with some investigators
also proposing graph formation (Chung and Noble,
1999; Feldmar et al., 1997; Masutani et al., 1995; Tek
and Kimia, 1995; Lorenz et al., 1997; Wilson and Noble,
1999; Gerig et al., 1993; Sato et al., 1998; Frangi et al.,
1999b; Niessen et al., 1999; Lorigo et al., 2001; Lei
et al., 2001; Krissian, 2002). Aylward and Bullitt (2002)
review a number of vessel segmentation approaches.
The approach employed in this report is not dependent upon any speciﬁc method of vessel extraction, graph
description, or tree editing. However, our methods require vessel segmentations that produce ordered sets of
3D points describing each vesselÕs skeleton curve with
a radius at each skeleton point, a meaningful method
of recognizing branch points, and a set of editing tools
that can both change parent–child connections around
the Circle of Willis and allow clipping of subtrees so
as to standardize anatomical circulatory patterns from
patient to patient.

3. Methods
3.1. Image acquisition, vessel segmentation, and tree
deﬁnition
This study employed 13 healthy, right-handed volunteers, aged 22–54. Ten subjects were male and three were
female. All subjects were imaged by 3D, time-of-ﬂight
MRA on a Siemens head-only 3T system (Allegra, Siemens Medical Systems Inc., Germany) with a gradient
strength of 40 mT/m and a slew rate of 400 mT/m/ms.
Velocity compensation along both frequency and phase
encoding directions was used to minimize signal dephasing induced by the ﬂowing spins. In addition, a magnetization transfer pulse was employed to suppress signal
from brain parenchyma while maintaining signal from
ﬂowing spins and thus improving the visibility of brain
vasculature. The spatial volume included the top of
the head through the skull base. Each MRA comprised
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512 · 512 · (approximately)120 voxels. The ﬁrst 11
cases were obtained at 0.4 · 0.4 · 1.25 mm3 voxel spacing; later cases were obtained at 0.5 · 0.5 · 0.8 mm3.
Vessel extraction was performed by the method of
Aylward and Bullitt (2002). Segmentation of each vessel
begins from a seed point. The method then automatically tracks the image intensity ridge representing the
vessel skeleton in 3D, using dynamic scaling and automated calculation of vessel width at each skeleton point.
Since the method extracts only objects approximately
circular in cross-section, it resists inclusion of non-vessel
objects. An advantage of the approach is that it is capable of deﬁning even very small vessels. Aylward and Bullitt (2002) provide results of tests in synthetic data with
added Gaussian noise. The output of the program is a
set of directed, 4D points indicating the (x,y,z) spatial
position of each sequential vessel skeleton point with
an associated radius at each point. It takes approximately 1/2 h to process an MRA of 512 · 512 · 120
voxels.
The output of the vessel segmentation program provides a detailed but disconnected set of vessels, each of
whose directions (from the ﬁrst point to the last) may
or may not correctly indicate the direction of ﬂow within
that vessel. We therefore post-process the initial segmentation to produce a set of connected vessel trees. The
method requires the user to deﬁne one or more roots
(for the head, roots are usually deﬁned as the two carotid arteries and the basilar artery). The program then
automatically calculates parent–child relationships on
the basis of distance and the existence of supporting image intensity information using a modiﬁed minimum
spanning tree algorithm (Bullitt et al., 2001). If the connection distance is too large or if the image intensity
data does not support the connection, a potential child
vessel is discarded. This process automatically discards

most venous structures. It takes about a minute to perform this post-processing step.
Once vessel trees are established, it then becomes possible, if desired, to manually manipulate individual vessels, trees of vessels, or subtrees of vessels within a 3D
display. By a single ‘‘point and click’’ one can delete
either an individual vessel or a connected subtree of vessels. By a pair of ‘‘point and clicks’’ one can also disconnect an entire subtree from its parent and reassign
parentage to a diﬀerent vessel. A single point and click
can also be used to clip a vessel and its appropriately
associated subtrees either proximally or distally. These
editing abilities are important to the current project, in
which we aim to standardize major circulatory subtrees
across patients under conditions in which there is considerable variability in the healthy intracerebral
circulation.
More speciﬁcally, there is large variability in the
usual ﬂow pattern around the Circle of Willis. In order
to standardize the vessel subtrees (and thus the anatomical regions) analyzed from patient to patient, we
used the editing tools available in the tree-formation
program to redirect ﬂow around the Circle of Willis
when needed and to clip feeding vessels at points recognizable in all subjects. Even more speciﬁcally, the
anterior and both middle cerebral circulatory groups
were isolated in each patient, and the posterior circulation was deﬁned as the tip of the basilar, both posterior
cerebral arteries, and all vessels receiving ﬂow from
these arteries. For each analysis of each part of the circulation, all irrelevant trees/subtrees were manually
identiﬁed and ‘‘turned oﬀ’’.
Fig. 1 illustrates AP, lateral, and axial views of the
vessel trees segmented from one of the healthy subjects.
Vessel trees have been color-coded to indicate the four
circulatory regions analyzed in each patient.

Fig. 1. Vessel trees color-coded to show the anterior cerebral group (red), left middle cerebral group (cyan), right middle cerebral group (blue) and
posterior cerebral group (gold).
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One additional post-processing step was performed
to help standardize vessel trees across patients. The vessel segmentation program generally extracts long vessels
that proceed past multiple branchpoints, but will sometimes break at branchpoints or at places of high curvature. Such sites of breakage will not be consistent from
patient to patient, and might complicate any analysis
that employs vessel length or number. Following tree
formation, these situations are represented as a parent
vessel with one or two child branches arising from the
parentÕs ﬁnal point. We therefore added an automatic
post-processing step that concatenates a parent–child
pair into a single vessel when one or more child branches
arise from the last point of the original parent. If two
child branches are present, the child of larger radius is
taken to be the continuation of the parent. Following
concatenation, each of the four circulatory groups contained, on average, between 40 and 50 vessels.
It takes about 30 min to extract vessels and to deﬁne
the three primary intracerebral vessel trees. As this project requires additional manual editing to standardize
circulatory ﬂow around the Circle of Willis and to ‘‘turn
oﬀ’’ each set of extraneous trees/subtrees for each group
analysis, however, the process takes an additional 15
min, with an additional 15 min required to run four subtrees against the healthy database. The total processing
time is therefore about an hour for each case.
This paper examines only arterial vessel trees. The
MRA acquisition parameters exclude all but the largest
veins, although portions of the sagittal sinus and a few
large cortical veins are often included in the initial vessel
segmentation. Since these veins are not directly connected to arterial trees, however, almost all extraneous
veins are automatically excluded during the tree formation process. If a residual vein does remain, it can be
manually deleted using the editing tools in the tree formation program.

3.2. Attribute determination
We use the term ‘‘group’’ to refer to a single set of
connected vessels within a single patient (anterior cerebral group, middle cerebral group, etc.). This report
analyzes 13 patients, in each of whom we have deﬁned
four vessel groups, as described earlier. For each group,
we calculate seven vessel attributes.
The ﬁrst attribute, vessel number, is applicable only
to a group. The remaining six attributes can be calculated for individual vessels or can be composited to provide six group summary values for that group. As
outlined in the following section, results were analyzed
by both approaches. The present section outlines attribute determination for individual vessels, followed by
the methods used to provide summary values for a vessel
group.
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For individual vessels, attributes examined include:
(1) Average radius for that vessel, as calculated by the
sum of radii of all vessel points with division by the
number of vessel points.
(2) Tortuosity as measured by DM (total path length
divided by the distance between endpoints).
(3) Tortuosity as measured by ICM (DM multiplied by
[inﬂection count + 1]).
(4) Tortuosity as measured by SOAM1 (the sum of
positive angles between each successive trio of
equally spaced vessel points with division by the
total path length).
(5) Tortuosity as measured by SOAM2 (similar to the
metric above, but operates on successive quartets
of vessel points and includes torsion).
(6) Distance to child (DTC), as measured by the number of a vesselÕs children divided by the vesselÕs total
length. This measure provides an estimate of
branching frequency, with a higher number indicating a higher branching frequency per unit length.
Providing a summary value for a group attribute is
straightforward for many of the metrics employed. The
average radius for a vessel group, for example, is calculated by summing the radii of all vessel points within the
group and then dividing by the total number of points.
A similar approach is used for the two SOAM metrics,
although the divisor is the sum of total path lengths rather
than the number of points, thus providing an average angle per unit distance. A similar metric is also used for DTC
by summing the total number of children and dividing by
the sum of path lengths, so as to provide an average number of child branches per unit distance.
It is less obvious how to provide an ‘‘average’’ value
for the DM and the ICM. These metrics each provide ratios in which, for an individual vessel, an increase in the
number of points considered does not necessarily
provide monotonic increases in both the numerator
and denominator. In our past analyses (Bullitt et al.,
2003a,b) and in this paper as well, we therefore provide
a group summary value for the DM by summing the
numerators reported by the DM for each vessel and then
dividing by the sum of the denominators. We take the
same approach with the ICM. This approach provides
a weighted average with longer and more tortuous curves
assigned a higher weight, and is equivalent to deﬁning the
ratio of average numerator and average denominator.
3.3. Statistical analysis
Four diﬀerent measures of tortuosity were considered
(DM, ICM, SOAM1, SOAM2), as well as two other vessel attributes (average radius and DTC). For all variables, the data from each of the four circulatory groups
were analyzed separately. Each of the six variables was
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available as both a summary value for a vessel group
and an individual value for a single vessel. For all variables, we evaluated whether the distributions could be
assumed to be Gaussian. In addition to the obvious
preference for a Gaussian distribution, we also felt it
important to decide whether it is preferable to examine
each parameter using vessel group summary values or
individual vessel values. Once the results on Gaussian
distribution were available, the preferred forms of the
variables were analyzed with the multivariate approach
to repeated measures analysis of variance (Timm,
2002). Additionally, for each variable including the
number of vessels, we inspected correlations between regions within variable, and also correlations across variables within each region. Both Pearson (linear) and
Spearman (rank order) correlations (SAS, 1999) were
examined.
3.3.1. Determination of Gaussian distribution
We followed the recommendations of Muller and
Fetterman (2002) in evaluating whether a particular variable follows a Gaussian distribution. For the six vessel
attributes, we computed standardized measures of skewness, excess kurtosis, and a statistical test of Gaussian
distribution for both group summary values and individual values within each anatomical region. We also
visually examined boxplots for each variable, with plots
for the four regions side by side for comparison. Skewness is a measure of the lack of symmetry of a distribution, having a value of zero for a symmetric distribution
like a Gaussian distribution. Kurtosis measures the
heaviness of tails of a distribution. It is reported here
as excess kurtosis (kurtosis – 3), with 3 being the kurtosis
of the standard Gaussian distribution. After adjustment,
the standard Gaussian distribution has an excess kurtosis of zero. Excess skewness or kurtosis indicate that a
distribution is NOT Gaussian. p-Values for a test of
Gaussian distribution were produced based on the
Shapiro–Wilks test statistic (SAS, 1999). The Shapiro–
Wilks statistic reﬂects discrepancies from a Gaussian
distribution for particular values of the variable (via
‘‘order statistic’’ properties), while skewnewss and kurtosis look at imbalance for the whole set of values.
The second step was to evaluate whether a simple
(smooth and monotone) transformation of a variable
would help make the distributions more Gaussian. The
transformation can be chosen based on skewness, excess
kurtosis, and the test from original variables (Muller and
Fetterman, 2002). We applied square root, log, and reciprocal of square root transformations and computed the
same criterion measures for Gaussian distribution. Heavy
right tails (large positive values of skewness and excess
kurtosis), for example, may be reduced by such transformations. We began by comparing the diagnostic statistics
for the original and transformed summary measures. We
chose a transformation as the best compromise in a global

sense, by considering results across regions. In some cases,
a diﬀerent transformation might be preferred if considering a variable for a particular region by itself.
We then repeated the process with the single vessel
variables. Observations were initially pooled by group
across the 11 subjects, resulting in four pools each containing 450–500 vessels, following which each observation was treated individually within each pooled
group. Pooling correlated observations may have created some bias toward making the data appear more
homogeneous. However, as reported below, the observed heterogeneity led us to choose the summary variables over the individual vessel variables.
3.3.2. Vessel attribute dependence upon anatomical
location
For each of the six attributes separately, we ﬁtted a
multivariate linear model to test for diﬀerences in vessel
attributes between the four vessel groups, each of which
represents a diﬀerent anatomical region. Each individualÕs data is assumed independent of the others, but
the model incorporates the correlations between regions
within an individual. The following steps were conducted (separately for each attribute):
(1) We ﬁtted a general linear multivariate model
(GLMM) and conducted a multivariate test for any
diﬀerences anywhere in mean among the four regions.
(2) We then performed a pairwise t-test for the diﬀerence in means for each pair of regions. Bonferroni
correction was used to correct for multiple comparisons, with results for an overall F-test considered
signiﬁcant of p < 0.0083 and for pairwise t-tests
considered signiﬁcant for p < 0.00069.
3.3.3. Correlation analysis
For each variable, we inspected correlations between
regions within variable, and also correlations between
variables within each region. The generalized intraclass
correlation (Kistner and Muller, 2005) was calculated
for each variable across regions. The (generalized) intraclass correlation may be interpreted as an index of reliability or similarity between regions. It equals the
average covariance divided by the average variance,
and hence summarizes the entire correlation matrix.
Both Pearson (linear) and Spearman (rank order) correlations (SAS, 1999) were examined for the correlations
across variables within each region.
4. Results
4.1. Tests for Gaussian distribution: summary measures
As outlined earlier, initial evaluations were performed by computing skewness, excess kurtosis, and a
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test of deviation from Gaussian distribution for all six
attributes within each of the four anatomical regions.
Despite the small number of patients (13), almost all
summary measures appeared to follow a Gaussian distribution, with small skewness and excess kurtosis, and
large p-value for deviation from Gaussian. Small p-values were observed for average radius in posterior cerebral region (p-value = 0.0045), DTC in right middle
cerebral region (p-value = 0.0052), and DM in the anterior cerebral region (p-value = 0.024). The distributions
were deemed to be plausibly Gaussian for two reasons.
First, conducting 24 tests of Gaussian distribution
greatly increases the chance of a false positive. Second,
the three small p-values are scattered across region and
variable. It would be more bothersome if the small pvalues were concentrated in a region or variable. Hence
we chose not to transform any measures.
Table 1 provides an example by showing the mean,
standard deviation (SD), skewness, excess kurtosis,
and p-value for deviation from Gaussian distribution
for SOAM1 by region. For each region, the small skewness and excess kurtosis values, as well as the large p-values, provide evidence that the distribution of SOAM1
(as a summary value) is not far from Gaussian. From
the side-by-side boxplot (Fig. 2), we can see that the dis-

Table 1
Evaluation of Gaussian distribution for summary measure SOAM1
(radian/cm)
Region

Mean

SD

AntCer
LmidCer
PostCer
RmidCer

2.86
3.12
3.49
3.17

0.289
0.232
0.210
0.269

Skewness
0.80
0.01
0.26
1.16

Kurtosis

p-Value

0.43
1.15
1.32
1.05

0.4979
0.5756
0.2227
0.1160

AntCer, anterior cerebral group; LMidCer and RMidCer, left and
right middle cerebral groups; PostCer, posterior cerebral group.
Results indicate that the distribution is Gaussian.
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tributions are symmetric and that there are few outliers.
Obviously the plots suggest diﬀerence in SOAM1 between regions. This question is addressed more precisely
in Section 4.3.
In retrospect, the good behavior of the data likely reﬂects the fact that large numbers of vessels contributed
to each summary measure. Each person had over 20 vessels, and most commonly 40–50, contributing to each
summary measure for each region. Averaging 20 or
more values minimizes the impact of outliers. Although
we suspect that a version of the central limit theorem
was in operation for the pure error part of the observations, which would help make the results Gaussian in
appearance, the summary measures, overall, were considered as variables following a Gaussian distribution.
4.2. Tests for Gaussian distribution: individual measures
Evaluation of the individual vessel data for Gaussian
distribution indicated that many of the attribute distributions were not Gaussian and possessed large positive
values of skewness and excess kurtosis. Table 2 provides
an example by providing the mean, SD, skewness, excess
kurtosis, and p-value for SOAM1 computed for individual vessels. The results are quite diﬀerent from the results in Table 1, which illustrates results calculated by
the same metric using summary values. Results in Table
2 are typical in that very large values of skewness and
excess kurtosis occur, especially in tortuosity measures.
The extremely small p-values also indicate that the distribution is not Gaussian.
Particular diﬃculty was encountered with some of the
tortuosity measures, in which an occasional vessel would
possess a seemingly outrageously large attribute value.
Fig. 3 provides an example of such a vessel from one
of our healthy subjects. This vessel has an endpoint extremely close to its startpoint. Since both the DM and
the ICM employ a ratio of total path distance to the distance between endpoints, the division of a large number
by a tiny number will result in an enormously large
value. Note that if this vessel had continued onward in
almost any arbitrary direction, the start and endpoints
would have become more separated and the tortuosity
estimation would have been lower. The summary
Table 2
Evaluation of Gaussian distribution for individual vessel SOAM1
(radian/cm)

Ant Cer

LMidCer
PostCer
CEREBRAL REGION

RMidCer

Fig. 2. Boxplot of summary SOAM1 values by region. AntCer,
anterior cerebral group; LMidCer and RMidCer, left and right middle
cerebral groups; PostCer, posterior cerebral group. The distributions
are symmetric and there are no outliers. Diﬀerent groups appear to
possess diﬀerent tortuosity values.

Region

Mean

SD

Skewness

Kurtosis

p-Value

AntCer
LmidCer
PostCer
RMidCer

5.66
4.28
4.30
4.51

34.3
9.2
2.3
16.5

18.11
22.93
3.67
25.76

329.59
566.92
30.43
674.09

<0.0001
<0.0001
<0.0001
<0.0001

AntCer, anterior cerebral group; LMidCer and RMidCer, left and
right middle cerebral groups; PostCer, posterior cerebral group.
Results indicate that the distribution is NOT Gaussian.
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Fig. 3. Single vessel with very large tortuosity as measured by both the
DM and the ICM. The unusual vessel is shown in white and the
remaining vessels in grey. This individual vessel is located in the
Sylvian ﬁssure, where a vessel may course over a gyrus and then return
close to its starting point. If only this portion of a vessel is available for
analysis, the long course of the vessel and the short distance between
start and endpoints will provide a huge value by both the DM and
ICM when vessels are analyzed individually.

method smooths values, and so is less subject to this
kind of outlier.
In order to reduce heavy right tails (large positive
skewness and excess kurtosis) we applied power transformations with power less than 1 (square root, log,
and reciprocal of square root). However, this usually
gave only modest improvements. Therefore we concluded that the distributions of individual values were
not Gaussian and that any transformations we tried
did not make them Gaussian either.
Comparing results for summary measures and individual vessel measures made clear that summary measures were preferable because they can be treated as
following Gaussian distributions. It seems indisputable
that the large number of vessels underlying each summary measure induced a form of the central limit theorem (averages of independent and identically distributed
random variables test to be Gaussian as the sample size
increases). Gaussian distributions occurred despite the
fact that measures on individual vessels are not independent (at least unconditionally), and that the summary process is non-linear for a wide range of inputs.
Summary measures also have much higher reliability
than measures on single vessels. Hence only summary
measures are considered in subsequent discussions.
4.3. Vessel attributes and anatomical location
Knowing whether or not vessel attributes diﬀer by
anatomical location is important to the formulation of
any analysis that attempts to compare populations of
vessels in a test subject to a database of healthy anatomy. This report analyzes vessel attributes in four diﬀerent anatomical regions, as deﬁned by four vessel trees
each supplying one region. Findings in two of these regions (the left and right middle cerebral distributions)

might be reasonably expected to be similar, as these
two regions represent approximately mirror locations.
The remaining two anatomical regions, the anterior cerebral and posterior cerebral distributions, might or
might not be diﬀerent from each other or from the middle cerebral groups.
As shown by Table 3, overall tests using a GLMM
indicate signiﬁcant diﬀerences in mean between anatomical regions for all four tortuosity measures and DTC,
but not for radius. Most importantly, as indicated by
the pairwise t-tests and as obviously suggested by Fig.
1, the posterior cerebral group is more tortuous, as
measured by SOAM1, than any of the three other
groups (Table 4). Both middle cerebral regions are also
more tortuous than the anterior cerebral region by
SOAM1. Similarly, the posterior cerebral group is more
tortuous than the anterior and the right middle cerebral
groups, as measured by SOAM2. The SOAM metrics
detect high-frequency, low amplitude coils and sinusoidal curves, suggesting that vessels in the posterior circulation are more likely to display this pattern than are
vessels in other regions of the circulation.

Table 3
Test for attribute diﬀerences between groups for average radius,
distance to child, both SOAM tortuosity metrics, the distance metric,
and the inﬂection count metric as calculated by general linear
multivariate modeling
Measure

Can
r2

Approx
F

Num
df

Denom
df

p-Value

Radius
DISTCHLD
TORTANGL
TORTAWTO
TORTDIST
TORTINFL

0.20
0.71
0.89
0.89
0.90
0.95

0.84
8.00
27.94
26.35
29.02
58.05

3
3
3
3
3
3

10
10
10
10
10
10

0.5017
0.0052
< 0.0001
< 0.0001
< 0.0001
< 0.0001

*
*
*
*
*

Can rsq, canonical r2; Approx F, approximate F-value; Num df,
numerator degrees of freedom; Denom df, denominator degrees of
freedom.
In the ﬁnal column, a p-value of less than 0.0083 is viewed as indicating
signiﬁcant diﬀerences between groups and is marked by a star.

Table 4
Pairwise t-test for diﬀerences between groups for SOAM1

AntCer
LMidCer
PostCer
RmidCer

AntCer

LmidCer

PostCer

RMidCer

–
4.86
(0.0004)*
9.66
(<0.0001)*
5.15
(0.0002)*

–
–

–
–

–
–

7.58
(<0.0001)*
0.86
(0.5445)

–

–

5.87
(<0.0001)*

–

AntCer, anterior cerebral group; LMidCer and RMidCer, left and
right middle cerebral groups; PostCer, posterior cerebral group.
A p-value of less than 0.00069 is considered as indicative of diﬀerence,
and is marked with a star.
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Since abnormal tortuosity as recognized by the
SOAM measures is one of our criteria for detecting tumor vessels (Bullitt et al., 2003a,b, 2004), an important
implication of this ﬁnding is that comparing tortuosity
of any test subjectÕs vessels with values from a healthy
database should be done on a regional basis, using vessels in the same general anatomical vicinity.
Additional signiﬁcant diﬀerences, whose clinical signiﬁcances are less clear-cut, were also found. These included a decreased tortuosity of the anterior cerebral
group as compared to both middle cerebral groups as
measured by the DM, and an increased tortuosity of
the right middle cerebral group as compared to the anterior and posterior circulations as measured by the ICM.
Furthermore, although not statistically signiﬁcant in this
small sample, ICM data for the left middle cerebral
group followed the same pattern as the right middle cerebral group, as did the DM data for the posterior cerebral and anterior groups.
Signiﬁcant diﬀerences in DTC were found only between the posterior and right middle cerebral regions.
The posterior region is more tortuous than the right
middle region and it is also likely more tortuous than
the left middle cerebral region although the result was
less marked.
Perhaps not surprisingly, no diﬀerences were found in
average radius between groups. This report divides vessels into groups on the basis of major vessel trees, each
of which contains a root of large diameter, a number of
intermediate sized vessels, and numerous small peripheral branches. If a diﬀerent partitioning scheme had
been employed, such as one that compares the base of
brain to the cortical surface, signiﬁcant diﬀerences in
vessel radii would be expected.
The left and right middle cerebral circulations represent paired circulatory structures whose attributes were
expected to be similar. As expected, there were no significant diﬀerences between these two groups by any of the
measures employed.
4.4. Correlation analysis
The inherent instability of correlations in such a small
sample allows only rough and broad interpretations. We
present this exploratory analysis primarily to generate
suggestions useful in guiding future work.
All variables had low to moderately strong generalized intraclass correlation, with highest correlations for
average radius (0.75, 95% CI of 0.52–0.89), middle values for DTC (0.55, 95% CI of 0.28–0.79), SOAM1
(0.64, 95% CI of 0.39–0.85), and SOAM2 (0.52, 95%
CI of 0.24–0.77), and lowest values for DM (0.31, 95%
CI of 0.04–0.63) and ICM (0.47, 95% CI of 0.21–0.72).
There were no remarkable diﬀerences between the Pearson and Spearman correlation results in any case. Except for only a few cases without any speciﬁc pattern,
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low correlations were observed among tortuosity measures, which may imply each tortuosity measure appraises diﬀerent features of vessel tortuosity.

5. Discussion
This paper analyzes the statistical properties of vessel
attributes within diﬀerent portions of the healthy intracerebral circulation. We conclude that attribute distributions are Gaussian when parameters are represented as a
summary value for each vessel group, and that attribute
values are likely to vary by anatomical location. Several
points should be made about the methods, however.
First, there are almost an inﬁnite number of attributes that can be deﬁned from sets of segmented vessels.
The current report evaluates only a few of these measures. The fact that the particular parameters analyzed
here demonstrate Gaussian distributions does not guarantee that another, arbitrarily selected attribute will also
do so. Nevertheless, our results are encouraging, and the
described use of summary values provides a useful
means of handling at least some types of parameters
whose distributions appear non-Gaussian when viewed
on a vessel-by-vessel basis. We believe some form of a
central limit theorem induced the Gaussian distributions
due to including roughly 40–50 vessels per summary
measure. An additional advantage lies in the much
greater reliability of such summaries, when compared
to reliabilities of measures of individual vessels.
Second, this report employs vessel trees as the means
of deﬁning vessel groups. This kind of grouping may
provide the optimal method of analyzing some diseases
such as stroke, PickÕs disease, and others. However, for
other disease processes, diﬀerent vascular groupings
may be more appropriate. The current report does not
pretend to provide a set of values that can subsequently
be used as the deﬁnition of health against which to compare the vascular attributes of all future patients with all
types of diseases. Instead, the goal of this report is to explore the general statistical properties of vessel attributes, with the expectation that the information gained
through this investigation should be applicable to a variety of approaches.
Third, the speciﬁc values obtained when deﬁning vessel attributes may depend partially upon the particular
segmentation method employed. An approach limited
to deﬁning vessels two voxels or more in width will exclude small vessels and thus produce potentially diﬀerent
results for attributes such as average radius than does a
method that includes small vessels. Similarly, a method
that includes extraneous, non-vessel objects such as
bone will be aﬀected by these extraneous objects in a
way diﬃcult to predict, but likely to be dependent upon
the relative numbers and shapes of the extraneous objects included.
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A related fact is that vessel attribute measures may
also vary based upon the diﬀerences in the level of detail
provided by scans obtained at diﬀerent resolutions. The
SOAM measures, for example, are sensitive to the detection of high-frequency, low-amplitude ‘‘wiggles’’, and
volume averaging may preclude detection of such ‘‘wiggles’’ if the image data are comprised of large voxels. Indeed, one patient with a known malignant tumor was
scanned twice at one sitting, and the high-frequency vessel ‘‘wiggles’’ associated with malignancy were readily
apparent on a scan obtained at 0.5 · 0.5 · 0.8 mm3 but
not on a scan obtained at 1.0 · 1.0 · 1.0 mm3. We have
also scanned four healthy subjects at large voxel size,
and statistical analysis identiﬁes these four cases as outliers when compared to the 13 healthy subjects included
in this report. In particular, the observed distribution for
SOAM2 was strongly negatively skewed (more extremely small values than extremely large values). When
comparing a test subject to a healthy database, it is
therefore important to employ images obtained at similar resolution.
The correlation between the related SOAM metrics
but lack of correlation between any of the other tortuosity measures suggests that the various metrics each describe diﬀerent features of tortuosity. Both our own
group and other investigators have noted that it is
diﬃcult to provide a single measure of ‘‘tortuosity’’. In
particular, a metric that regards high-frequency, lowamplitude curves as of high tortuosity is likely to fail
to recognize low-frequency, high-amplitude curves as
of high tortuosity and vice versa, although diﬀerent diseases may exhibit each abnormality either alone or in
combination (Bullitt et al., 2003a,b). Under the present
study, the lack of correlation between methods suggests
that what is measured by the ICM and the SOAM
are independent variables. It thus might be preferable
to retain two or more measures of tortuosity rather than
to seek a single, global metric.
We understand that conclusions based upon a study
of only 13 participants must be limited.. Nevertheless,
and despite the small sample size, most of the primary
statistical tests achieved signiﬁcance. These results provide the basis for conducting power analyses to help
plan future research. The data reported here can be used
as input to estimate the variability (more precisely, the
error covariance matrix) for any future study, allowing
one to plot the power as a function of mean diﬀerences
and sample size under the assumption that all data are
Gaussian. Important future questions include the eﬀects
of aging, gender and ethnicity, but such analysis will require a larger study population.
In summary, this paper explores the statistical distribution of vessel attributes within diﬀerent populations
of intracranial vessels of healthy subjects. We conclude
that, for the particular set of attributes investigated,
the distributions are Gaussian when attributes are repre-

sented as summary values for each vessel group. As a result, linear statistical models can be used to search for
diﬀerences between vessel populations. We also conclude that the expected values of vessel attributes in even
healthy subjects are likely to vary according to anatomical location. These ﬁndings are of importance to any
study that aims to compare a test subject or a patient
with known disease to a database of healthy patients.
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